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Abstract. We introduce the notion of 'bar category' by which we mean 
a monoidal category equipped with additional structure formalising the 
notion of complex conjugation. Examples of our theory include bimod- 
ules over a *-algebra, modules over a conventional *-Hopf algebra and 
modules over a more general object which call a 'quasi-*-Hopf algebra' 
and for which examples include the standard quantum groups at q 

a root of unity (these are well-known not to be a usual *-Hopf algebra). 
We also provide examples of strictly quasiassociative bar categories, in- 
cluding modules over l *-quasiHopf algebras' and a construction based 
on finite subgroups H C G of a finite group. Inside a bar category one 
has natural notions of '*-algebra' and 'unitary object' therefore extend- 
ing these concepts to a variety of new situations. We study braidings 
and duals in bar categories and *-braided groups (Hopf algebras) in 
braided-bar categories. Examples include the transmutation B(H) of 
a quasitriangular *-Hopf algebra and the quantum plane at certain 

roots of unity q in the bar category of Mq(sM2)-modules. We use our 
methods to provide a natural quasi-associative C*-algebra structure on 
the octonions O and on a coset example. In the appendix we extend 
the Tannaka-Krein reconstruction theory to bar categories in relation to 
*-Hopf algebras. 



1. Introduction 

One of the key ingredients in an operator algebra approach to noncom- 
mmutative geometry is that of complex conjugation and its extension to 
adjoints, *-involutions on algebras and other forms of structure. Here com- 
mutative unital C*-algebras correspond by the theorem of Gelfand and 
Naimark to compact Hausdorf spaces, and many geometric ideas extend 
from this point of view to noncommutative C*-algebras. Even if one is not 
concerned with C*-completions, one may be concerned with the proper- 
ties of *-algebras at an algebraic level and associated concepts. Thus, for 
example, there is an established abstract notion of *-Hopf algebras (also 
known as Hopf *-algebras) over C which in some cases can be completed 
to a compact quantum group [18]. When one introduces constructions in 
*-noncommutative geometry one needs * to be respected and this is usually 
possible in the context of Hilbert spaces and adjoints. However, even in this 
case the notion of bar category that we introduce is useful as a book keeping 
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device to make explicit the idea of conjugate objects and antilinear maps in 
various contexts relating to bimodules and conjugate representations. 

The framework of bar category moreover allows such concepts to be ex- 
tended from the familiar case of bimodules over *-algebras or (co)modules 
over a *-Hopf algebra to other situations were the corresponding notions of 
conjugation would otherwise not be clear. The most important of these we 
believe is to standard quantum groups C 9 [G] or u q (g) at \q\ = 1. These are 
not standard *-Hopf algebras but we show that their modules still form a 
bar catgeory. We also introduce a theory of *-structures for Drinfeld's quasi- 
Hopf algebras [11] such that the category of modules is a bar category, and 
a construction for obtaining these by twisting a *-Hopf algebra. Another 
application is to quasi-associative algebras [1] where without a categorical 
framework it would not be clear how to define concepts such as conjuga- 
tion of bimodules or 'skew-linear inner products' to define Hilbert spaces. 
Guided by our examples we actually introduce two notions in the categorical 
setting, namely a general bar category and a stronger notion which we call a 
'strong bar category' in which the bar operation is more strongly involutive. 

The related idea of star operation * for objects in a bar category is in- 
troduced. Quantum planes at \q\ = 1, the octonions and our coset quasi- 
associative algebra example are all shown to be a star algebras in a very 
natural way, though the star operations in the first and last case do not 
square to the identity. The quantum plane example in fact turns out to 
be a braided *-Hopf algebra (in a braided bar category). The coset exam- 
ple is closely related to ideas in [7], which is concerned with applications 
to mathematical physics. Other motivation comes from earlier attempts at 
such notions in the specific context of braided linear spaces |16} [15] . 

One of the original motivations for this work was noncommutative Rie- 
mannian geometry, where we require ^-structures in noncommutative differ- 
ential forms [9], projective modules etc. and this will appear in a sequel. It 
is also related to the 'type A' and 'type B' morphisms mentioned in [3]. 

An outline of the paper is as follows. The basic definition is given in Sec- 
tion 2, with elementary examples such as the bar category Vect of vector 
spaces with conjguation and the bimodule, module and comodule categories. 
Section 3 contains new examples of bar categories beyond the standard set- 
tings. Section 4 covers braiding in bar categories. Section 5 covers ^-algebras 
and *-Hopf algebras in (braided) bar categories. Section 6 concludes with 
the natural notion of dual objects in a bar category. A main result here is 
that in a bar category a left-dual implies a right-dual. 

In the appendix we show that a *-Hopf algebra can be reconstructed from 
its (bar) category of modules, showing that in some sense, this is the 'correct' 
notion of bar category [17] . 

The reader should note that this material is very different, both in defi- 
nition and application, from the idea of *-autonomous category given in [JJ. 
For one thing, there * is a functor rather than a natural transformation. 
The * functor in [JJ is contravariant, rather than the covariant bar functor 
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described here. However, an idea of formulating bar as a functor did appear 
in the work of Baez on 2-Hilbert spaces [5] . 

As regards notation, we uniformly use * as a superscript to denote an 
antilinear operation, and *, which is never a superscript, to denote a certain 
morphism in a category. The letter T is a capital upsilon. The notation used 
for various sorts of * algebras which are also (quasi)Hopf algebras is hardly 
optimal, but is mostly fixed by past usage in individual cases. The reader 
should not confuse 'quasi-*-Hopf algebras' and '*-quasiHopf algebras', both 
of which we introduce in the paper. 

The paper was written during the visit July-December 2006 of the authors 
to the Isaac Newton Institute. We thank the institute for their support. 

2. Bar categories 

Here we give the abstract definition that we propose, and the elementary 
'model' examples that justify the definitions. We recall that a monoidal 
category (C, 0, 1q, I, r) means a category, with a functor : C x C — > C, 
a natural equivalence 3>:((0)0)— >(0(0)) subject to Mac Lane's 
pentagon coherence identity and an identity object 1q and associated natural 
isomorpisms I : id — > id0 1q and r : id — ► 1q id compatible with We 
refer to [13] for details. We recall that a monoidal functor F : C — » T> 
between monoidal categories means a functor F and a natural equivalence 
/ : F{ ) F( ) -> F o with 

fx,Y®Z ° (id0/y,z) ° ®F(X),F(Y),F(Z) = F($X,Y,z) ° fx®Y,Z ° (fx,Y ® id) 

F i 1 C) = 1 P' h c ,X ° h(X) = F{l x ), fx,l c r F ( X ) = F(r x ) 

for all objects X, Y, Z of C. Note that in a monoidal category the unit object 
is unique up to isomorphism and consequently is it conventional without loss 
of generality to assume strict equality in the last line above. If one wishes 
to be more precise it would be better to say that there is an isomorphism 
f 1 with 

f : l v -» F(l c ), / lc ,xo(/ 1 0id)oZ F(x) = F(l x ), /x,i c °(id0/ 1 )or F(x) = F(r x ) 

for all X. Here f 1 if it exists is determined uniquely from (F, f) and we say 
that F is monoidal with induced unit isomorphism f . 

A natural equivalence means that the natural transformation in question 
is invertible. We recall that a natural transformation means that the collec- 
tion of morphisms is functorial with respect to morphisms in the domain of 
the relevant functors. 

2.1. The definition of a bar category. We denote typical objects of a 
bar category by X, Y, Z etc. We denote by flip the functor from C x C to 
CxC sending (X, Y) to (Y, X). 

Definition 2.1. A bar category is a tensor category (C, 0, Lj, I, r, #) to- 
gether with the following data: 
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1) A functor bar :C^>C (written as X i— > X). 

2) A natural equivalence bb between the identity and the bar o bar functors 
on C. 

3) An invertible morphism * : 1q — » 1q. 

4) A natural equivalence T (capital upsilon) between baro® and ® o(bar x 
bar) o flip from C x C to C. These are required to obey the rules: 

a) The following compositions are r^ and l^ respectively: 

X X ® l c 3- I^®X*^ id l c ®X , 

x i c ® x x®i^ id ^r 1 x®i c . 

&J The following condition is satisfied by T and f/ie associator <I>: 



^,F,x( T Y;^ l8>id ) T X,y®z*X,y ) z = (id<8>Tx,y)Tx(g,y,z 



d; bb x = bbjf : X ^ X . 

The natural transformation property for T is explicitly that, given mor- 
phisms 9 : X — > .B and : Y~ — > C, we have 



The natural transformation property of bb is similarly stated for any mor- 
phism 9 as 

bbe o 9 = 6 o bbx- 

Remark 2.2. W^e can define C op to be the same monoidal category as C with 
opposite tensor product, the same unit object 1q and the induced remaining 
structures. Then a bar category means: 

1) a monoidal category C equipped with a monoidal functor bar : C — ► C op 
with associated natural equivalence T" 1 and induced unit isomorphism * : 

2) a natural equivalence bb : id — > bar o bar of functors such that 4),c),d) 
hold. Note that this is as functors not as monoidal functors (see Exam- 
ple \2. ?|), otherwise it would be better to write bb : id — ► bar op o bar here. 



Definition 2.3. In any bar category we define the associated natural 'cobound- 
ary' isomorphism 3 : ® — > (X) fry 

y bbx ® bby _ 

v v _^X(g>y x®y 



v v r®x 



T/ie 6ar category is called strong if E is i/ie identity. 
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The terminology here is similar to that for Hopf algebras |14j or group 
cohomology. Similarly, we have: 

Proposition 2.4. S is a 'cocycle' in the sense ^X,Xq = id; " x c>^ = an ^ 

®x,y,z(-x,y ®id)Hx®y,z = {id®E Y ,z)Zx,Y ® z$x,y,z- 

Proof. For the first part, we apply the definition and axioms 4a) of a bar 
category. For the last part we expand z>x®Y,z using the above in terms 
of bbx <g> y <8> bbz and replace the latter in favour of Hx,y • Doing the same 
on the other side for ^xy®z and comparing, using the axiom 4 b) of a 
monoidal category twice gives the second result. □ 

Just as a braiding is a natural general notion for additional structure 
on a monoidal category, while the special case of symmetric monoidal is 
of significant interest in its own right, similarly the coboundary natural 
isomorphism is useful (and so we allow it in the general definition of a bar 
category) but the strong case is adequate for many basic examples. 

2.2. Basic Example: Vector spaces over C. Given a complex vector 
space V we define V to be the same Abelian group as V but with a conjugate 
action of C so 

X.v = X.v, v€V,XeC. 

Here v denotes the same element v S V but viewed in V. This defines a 
functor from the category of complex vector spaces to itself. Objects are 
sent as above, and a morphism <p : V — > W is sent to (f) : V — > W with 
4>{y) = 4>{v) for all v £ V. 

Vector spaces over any field form a monoidal category with 3>,Z,r trivial 
and unit object the field. In our case the unit object is lvect = C and * 
is given by complex conjugation which we also denote as usual. One may 
easily verify all the axioms with the trivial choices 

(1) bby(i>) = v , Tw,v(w<S>v) = v®w . 

In this way the category Vect of complex vector spaces becomes a strong 
bar category. 

2.3. Basic Example: Bimodules over a star algebra. Let A be an 

algebra. The category a-M-A of A-bimodules and A-bimodule maps forms 
a monoidal category using <8>a- The left /right action on a tensor product 
of bimodules is given by multiplication on the left/right most factor. The 
associator is trivial and the identity object is A. 

Now suppose that A is a *-algebra over C (or over some other field with 
involution) in the sense of an antilinear order reversing involution bho*. 
For an A-bimodule E, define another ^4-bimodule E as follows: As abelian 
groups E is identified with E (as for the bar-category Vect; as there we use 
an over line to distinguish e£fi from e 6 E.) 
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Define left and right actions of A on E by a.e = e.a* and e.a = a*.e. 
The functor bar : a-Ma — ► aM-A is defined on objects by E i— > E and on 
morphisms by <j) \— > <f>, where cp(e) = <ft(e). 

Considering A as an j4-bimodule, define the morphism 

★ : A —* A, a i— > a*. 

Similarly, define Tp^ : F<S>aE — ► E<S>aE, by Tp,E(f ®A e) =e<S)Af- It is 
easily seen that T^s is an invertible morphism in a-M-A- 

T((/®e).a) = T(a*./<g>e) = e®aFj = e®J.a , 
A AAA 

and likewise for the left multiplication. 

Finally, the isomorphism bbg : — > S is given by bb^(e) = e, and 

this is a natural transformation between the identity and the bar 2 functor. 

Hence the monoidal category of bimodules becomes a strong bar category 

in a natural way. The *-structure appears naturally as the * isomorphism 

on A viewed as unit object of the category of 74-bimodules and its opposite. 

2.4. Basic Example: (co) modules over *-Hopf algebras. Let H be 

a Hopf algebra over a field k in the usual sense, with coproduct A : H —> 
H®H, counit e : H — > k, and antipode S : H — > i?. We refer to [13] for 
details and we use the 'Sweedler notation' Ah = h {1) ® h {2) for all h € H. 
The category M.u of right if-modules is given the tensor product action of 
H on tensor products, i.e. 

(v<giw)<h = v<h(i ) <8> uKhm . 

A natural notion over C (or over any field with involution) is that H is a 
*-algebra and that A is a *-algebra map 

A o * = (* (gi *) o A. 

From this it follows that S is necessarily invertible and 

(Shy = s- 1 ^*) . 

We say that H in this case is a *-Hopf algebra. The notion has been used 
notably by Woronowicz as an algebraic notion that can in some cases be 
completed to a compact quantum group [18]. There are other possibilities 
(see Section 13.21 and 13.31 later) . 

In this case Mh can be made into a strong bar category as follows: As 
in 12.31 we identify V with V as sets, using overline to distinguish v EV from 
v (zV. Then the action < of H on V is given by 

v<h = v<S~ 1 (h*) . 

We take the same trivial T, bb as in ([I]) for Vect and the same * on the unit 
object C given by complex conjugation. We check that bb is a right module 
map: 

bb(v)<h = lJ<h = U<iS'" 1 (/i*) 
= v<S- 1 ((S- 1 {h*))*) 
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= v<h = hh{v<h) . 
We also check that T is a right module map, 

T((wWv)<h) = T((^(g)w)<]S'- 1 (/i*)) 

= r(w<S- 1 (h*\ 1) ®v<S- 1 (h*) ( 2)) 
= T(w<S- 1 (h* 2) )®v<S- 1 (h* 1) )) 

= v<S- 1 {h* 1) )^w<S- 1 (h* 2) ) 
= T(w <8> v)<h . 

Analogous results hold for the category hM of left .ff-modules. Here 
tensor product of modules is given now by the left action of Ah. We specify 
the left action on V by 

h>v = S- 1 ^*)^ . 

and again the trivial forms for T, bb. 

Since Hopf algebras are in a certain sense 'self dual' under arrow reversal 
there are analogous results for comodule categories. Thus the category Ai H 
of right fZ-comodules (say) has objects which are comodules (V, py) where 

pv ■ y —> y ® H, p(v) = V[ ] (8> V[i] 

is a coaction in an explicit notation. Again we identify V and V as sets, and 
define *,bb, T as in for Vect. The coaction on V is given by 

P(v) = v\0\®v* 1] . 

We check that bb is a right comodule map: 

phh(v) = p(V) = (u)[ ]®(u)[i] 

We also check that T is a right comodule map, 

(T (g) \d)p(WWv) = r((w<g)v) [0] )®({w®v) [1] )* 

pT(w®v) = p(v®w) 

In this way M H becomes a strong bar category when H is a *-Hopf 
algebra. Similarly for the category H M of left comodules. 

2.5. Functors between bar categories. 

Definition 2.5. Given two bar categories C and V, a functor from C to V 
is a monoidal functor F : C — > V with the additional properties: 

(1) There is a natural equivalence fb between the functors bar F and F bar, 
i.e. fby :F(Y)^F(Y). 
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(2) For the unit, F(l) = F(l), and for the * : 1 — > 1 morphism, F(*) = * 
(more precisely, the latter should Ffc)/ 1 = f l * if we do not suppress f 1 ) 

(3) F(bb Y ) = fby ofb7obb F(y) . 

(4) The following diagram commutes, where we recall that the definition of 



a monoidal functor involves a natural equivalence fxY 
F{X ®Y) which respects the associator: 



F{X)®F{Y) 



F(X 
fb x 



fx.Y 



Y 



F(X®Y)- 



F(T) 



F(X)®F(Y}- 



- f-- 
F{Y®X) 5^- 



F{Y)®F{X) 
fby g) fbx 



Proposition 2.6. Given a bar functor (F, f) between bar categories C and 
T> as in Proposition \2.5\ the following diagram commutes: 



F(X) 



fb 



F(bb) 



F(X) 
bb 



i- fb" 



F{X) 



F{X) 



Proof. By using (3) from Definition 12,51 and (d) from 12.11 the diagram can 
be rewritten as: 



F(X) 
bb 



fb 



F(X) 
bb 



F(X) 



fb 



F(X) 



This commutes as bb is a natural transformation between the identity and 
bar 2 . □ 



Note that in axiom (1) of a functor between bar categories we should 
more precisely write that fb : barF — > F op bar is a natural equivalence where 
pop . C o P pop is the game functor p on objects but has f°^ Y = f Y ,x- 

Example 2.7. . If C is a bar category then C op is also, with bar op as 
the bar functor for this. Then bar : C — > C op becomes automatically a bar 
functor between bar categories. This is the content of the axiom 4 d) of a 
bar category. 

To explain the categorical picture further, let us note that for any natural 
equivalence b : F — ► G of two functors F,G : C — > T> between monoidal 
categories, with associated associated natural equivalences /, g respectively, 
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we can define a 'co-boundary' d(h) x ,Y ■ F(X) ® F(Y) -> <g> F(Y) by 

gx,Y{bx®b Y )d{b) x ,Y = b x ®vfx,Y, VX,y G C. 

It is a 2-cocycle in a similar manner to Proposition 12. 41 We say that the 
natural equivalence is monoidal if <9(b) = id. 

For a general bar category we have already considered bb : id — > bar op obar 
with coboundary 3 = <9(bb). The case of a strong bar category is when bb 
is a monoidal equivalence of monoidal functors, not just an equivalence of 
functors. By contrast, the meaning of axiom (4) of a bar functor between 
bar categories is that we ask for fb to be a monoidal equivalence. 

Proposition 2.8. If F : C — > T> is a bar functor between bar categories, 
the coboundary of C maps to the coboundary of V, i.e. F(Exy)fx,Y = 
fx,Y E F(x),F(Y) for all X,Y G C. 

Proof. The proof is tedious 'diagram filling' which we leave to the reader. 
The conceptual explanation is that the natural equivalence fb does not have 
any coboundary of its own, but connects that of C to that of T>. □ 

This is similar to the idea that a tensor functor between braided monoidal 
categories is required to send the braiding of one to the braiding of the other. 

Corollary 2.9. For any bar category, Tx,y^x,y = %i^x,y f or all objects 
X,Y. ' * 

Proof. This follows form the above proposition applied to Example 12.71 
above. It can also be proven easily enough by direct computation. □ 

Clearly, a concrete example of a bar functor is the forgetful functor to 
Vect from any of the above four bar categories associated to a *-Hopf al- 
gebra H. This forgets the (co)action of H. In the appendix we prove the 
converse that if a bar functor to Vect when restricted to objects with du- 
als is represent able, it factors through such a construction for some *-Hopf 
algebra which may be reconstructed. 

2.6. ^-Objects in a bar-category. In any bar category it makes sense to 
ask if an object X is isomorphic to X. 

Definition 2.10. An object X in a bar category is called a star object if it 
is equipped with a morphism *x '■ X — > X with the following properties: 

a) *x~o-k X = bb x ■ 

b) (*x ® id)rx = r x *x and (id ®*x)lx = lx *x- 

Clearly 1q is always an example. 

Example 2.11. In the bar category Vect a * object structure on a vector 
space V is given by an antilinear map J : V — > V such that J 2 = id. Here 
= J(v) is J viewed as a linear map V — > V. We will usually write 
J(v) =v*. 
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Example 2.12. In h-M (see \2.4\ ) a * structure is given in the same way as 
in Vect but with J covariant in the sense J{h\>v) = (Sh)*>J(y). This is the 
notion of a '*-action' or unitary action in |14j (where J is denoted by *). 

Example 2.13. In a-M-A (see \2.3\) we again use the identification of X as 
a bimodule with the Abelian group X but reverse bimodule structures. Then 
*x '■ X — y X takes the form e i— > J(e) where J 2 = id and now J : X — > X 
is a skew bimodule map in the sense J(a.e) = J(e).a* and J(e.a) = a*.J(e) 
for a € A and e € X . 

We can also write some other related definitions in any bar category. 

Definition 2.14. An inner product on an object X a bar category means a 
morphism ( , ) : 1®I ^ 1^ such that 

*°( , > = (TT°T^o(id®bbj r ) 

(This is just the usual conjugate symmetry for many examples.) It will also 
be convenient to have the opposite definition with the bar on the second copy 
of X, which we denote ( , ) r : X ®X — > 1q with the corresponding symmetry 
condition 

(^T _1 (bb®id) = *(,)r : X®X ^ C . 

Example 2.15. In Vect this becomes a usual sequilinear inner product 
( , ) on a vector space V that is antilinear in its first input and which is 
symmetric in the skew sense 

(v,w) = (w,v), v,w £ V 

where the bar on the left denotes usual complex conjugation (it is * in Vect ). 
One should add a positivity requirement to have a (pre)-Hilbert space. 

Example 2.16. In bimodules aM-A over a *-algebra A, an A-valued inner 
product ( , ) on a bimodule E obeys 

(e,f)* = (f,e), (e,f)a=(e,f.a), (a* .e, f) = (e,a.f) 

The first two conditions are those of a right (pre) Hilbert module if one adds 
a positivity requirement. Given the first, the second condition can also be 
written as a(e, f) = (e.a*,f). The last condition applies in our bimodule 
setting and says that additional left action of A is adjointed by ( , ) in a 
way that agrees with * (a 'unitary' representation in some sense). From 
our point of view it is the condition that the map E x E — > A descends to 
E® A E^ A. 

Example 2.17. In the case hM for a * -H op f algebra it means a sesquilinear 
inner product as for Vect which is covariant under the action of H on 
V ®V . A short computation shows that this last is equivalent to 

(h*>v, w) = (v, h>w), h € H, v, w 6 V 

i.e. that the action of H is adjointed by ( , ) in a way that agrees with * 
(i.e. 'unitary' in some sense). 
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Definition 2.18. B is a star algebra in the bar category C if there is a 
product [i : B B — > B making B into an algebra in C, and if B is also a 
star object so that 

P t bb(*b®*b) = *bH ■ B®B — > B . 
If T] : 1(2 — > B is a unit for the product, we require rj o * = *g o rj. 

It is intended here that the product is associative with respect to a pos- 
sibly non-trivial associator <3? in the category. 

Example 2.19. In the case of Vect this means that B is an ordinary *- 
algebra with = b* , i.e. the antilinear map J above is antimultiplicative 
with respect to the product (and in this context denoted *). An example is 
of course bounded operators B{7{) on a Hilbert space TL, with * given by the 
adjoint operation. 

Example 2.20. An algebra B in aM-a means a bimodule B and a product 
map \i : B ®a B — > B which need be associative only when one takes the 
tensor product over A. A unit means a bimodule map A — > B, determined 
by the image of the identity, and forming a unit for fi. We provide the 
notion of a ^-involution on such an algebraic structure. 

Example 2.21. In the case h-M, an algebra B means an H-module algebra 
in the sense h>(bc) = (h^>b)(h^ 2 )>c) and hf>l = e(h)l. We require further 
that B is a *-algebra in the usual sense as for Vect and that (h>b)* = 
(Sh)*>b* as above. This is the usual notion for a *-Hopf algebra acting on 
a *-algebra |14j . Here we again have *(b) = b* . 

Definition 2.22. Suppose that B is a star algebra in a bar category C and 
that the object H has an inner product (,) r : H®H — * lc- A right action 
< : H '(g) B — > H is compatible with the inner product if 

(,) r (<®id) = (,) r (id®<T- 1 (* B (g)id))$ : {H®B)®H^ l c . 

Alternatively the inner product (, } : H <g) H — > lc is compatible with the left 
action > : B ® H — > H if 

(,)(id<8») = (,)(>T- 1 (id®*s)«)id)$" 1 :H®{B®H) -» l c . 

There is obviously a dual notion of a coalgebra C in a bar category C as 
a coalgebra with coproduct A : C — > C ® C and counit e : C — > 1q which 
are coassociative and counital in in the monoidal category, now with C a 
^-object such that 

T^c o A o * c = (* c ®* c ) o A, *oe = eoi C , 

This is not the only possible equation, we could add a braiding or similar 
map. 

Example 2.23. A coalgebra in aM-a means a 'coring' [8]. Hence the above 
is a natural notion of structure on a coring. 
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This completes the basic definitions and 'elementary examples' in the 
sense that one does not need the notion of a bar category to formulate these 
examples. Rather it is a useful idea to unify various notions and to keep 
track of the book-keeping. 

3. New examples of bar categories 

Until now we have tested our ideas out on 'standard' settings where one 
knows in any case how conjugation etc. should proceed. In that case our bar 
notion serves only to unify some slightly different contexts. In this section 
we give some genuinely new examples where the definitions would not be so 
clear without a categorical context. The first one is only slightly new (it is 
known in some form) but included for completeness. 

3.1. Example: Crossed or Drinfeld-Yetter modules over *-Hopf al- 
gebras. For any Hopf algebra the category of right 'crossed' or Drinfeld- 

Yetter modules -M^ for H consists of right H- modules and right ii-comodules 
satisfying the consistency condition 

(2) p(v<h) = vi i<h(2) <8> S(hm)vm hr s \ G V , Va € H . 

In the case of H finite-dimensional a crossed module is just the same as a 
right module for the Drinfeld quantum double Hopf algebra D(H) = H txi 
H* op and its properties tend to be in line with those known for this. In the 
finite-dimensional case it was shown |16j that D(H) for H a *-Hopf algebra 
inherits a natural *-Hopf algebra structure. In the general case: 

Proposition 3.1. Let H be a *-Hopf algebra. The category of right H- 
crossed module or 'Drinfeld-Yetter' modules is a strong bar category with V 
defined as for A4h and Ai separately, i.e. V = V as an Abelian group and 
with action and coaction on V given by 

p(v) = ^[oj ® , v<h = v<S^ 1 (h*) . 

Proof. We only have to check that V is again a crossed or Drinfeld-Yetter 
module, i.e. 

p(v<h) = p(v<5- 1 (/t*)) 

= (^5- 1 (^))[o]^ ((^' 1 (^))[i ] )* 

= v [0] <S-i(h*) i2 ) ®(5(5- 1 (r) (1) )« [1] 5- 1 (/ i *) [3] )* 

= v^s-^hy^hi^s-Hh^))* 

= V]0\<h(2) ®'S'(^[l])^*l]^(3) • 

The rest of the axioms hold as inherited from Vect. □ 

3.2. Example: Bimodules over flip-*-Hopf algebras. Sometimes one 
has Hopf algebras which are simply not *-Hopf algebras but for which * still 
behaves well with respect to the coproduct. The most common 'nonstan- 
dard' variant is: 
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Definition 3.2. A flip-*-Hopf algebra is a Hopf algebra which is a *-algebra 
and for which the coproduct and counit obey 

A o * = (* ® *)r o A, e(h) = e(h*) , 

where r is transposition. In this case it follows that S(h)* = S(h*). 

A simple commutative example is the polynomial algebra C[it%-] (1 < 
hj < n ) with the relation det(u) = 1, coproduct, counit and * 

k 

This is a non-standard real form of C[SX n ] which does not correspond to 
any group but to the set of hermitian matrices of determinant 1 . For n = 2 
it is the *-algebra of regular functions on the mass hyperboloid in Minkowski 
space R 1 ' 3 (and it is the q = 1 limit of the hyperboloid in an approach to 
g-deformed Minkowski space based on braided groups [14J.) 

Proposition 3.3. For any Hopf algebra one has a category H-M.H °f H- 
bimodules with tensor product defined by A. If H is a flip-*-Hopf algebra 
this can made into a strong bar category by V = V as Abelian groups, with 
right and left actions on V given by 

h>v = v<h* , v<h = h*>v . 

and bb and T as in 

Proof. We need to check that bb and T give morphisms, leaving some of 
this calculation to the reader. 

h>hb(v) = h>v 

= v<h* = h**>v , 

h>T(v®w) = h>(w0v) 

= 7i(i)>1F(g) h(2)>v 

T(h>(vWw)) = T((v®w)<h*) 

= Y (v<h* ,^ ® w<h* , 2 -J) 

□ 

3.3. Example: Modules over quasi-* Hopf algebras. We recall [2] 
that a 2-cocycle on a Hopf algebra H is an invertible element T € H ® H 
such that 

T X2 (A ® id) (T) = ^23 (id (8) A) {F) , (e <g> id)F = 1 
Given such an element, one may conjugate the coproduct of H to a new 

-77 

Hopf algebra H which an equivalent category of modules and we will 
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do so later. At present we give a different application of such a cocycle 
and will denote it by Q rather than by T for this reason and to avoid 
confusion. Our construction is not directly related to, but in the same 
spirit as, the notion of quasi-* Hopf algebra introduced in [16] to describe 
g-deformed inhomogeneous quantum groups for real q. Our version will be 
more applicable to \q\ = 1. 

Definition 3.4. A quasi-* Hopf algebra is a quadruple (H,*,Q,j) where H 
is a Hopf algebra and *-algebra, Q € H <S>H is a 2-cocycle and 7 E H is an 
invertible element such that (S7)* = 7 and 

A(h*) = g- 1 (A h)*®*G, e(h)*=e(h*), S^Qi*) = 7 -1 (5/i)* 7 

for all h 6 H . The quasi-* Hopf algebra is called strong if in addition we 
have (7® 7^7^ = (*®*)(S®S)(g 2 i)G- 

Remark 3.5. If (* ® *)(S® S)(Q) = G21 we sa V that the quasi-* Hopf 
algebra is of real type. In this case the strongness condition reduces to 7 
grouplike, i.e. A7 = 7® 7. 

Theorem 3.6. The category h-M of left modules of a quasi-* Hopf algebra 
(H, *,G, , y) can be made into a bar category as follows: Again, for V an 
object in h-M., we define V to be V as a set, with 

h>v = (Sh)*\>v . 
We define T VjW : V ®W -> V ®W and bby :V^Vby 

T VtW (vWw) = ^ (2) >w<8)^ (1) >u , 
(3) bby(u) = 7W . 

Then the coboundary map H in Definition QOl is 

Z(v®w) = 7~ 1 (^ (2) )*^ (1) 7(i)^®7~ 1 (^ (1) )*^ (2) 7(2)^ , 

where Q is a second independent copy of Q. The bar category h-M is strong 
precisely when the quasi-* Hopf algebra H is. 

Proof. We first show that bby : V — > V defined in Q is a morphism in 
H-M. 

g>bbv(v) = g>j>v 

= (Sg)*>'y>v 

= (5((5 5 )*))* 7 >«, 

so to be a morphism we require (S(Sg)*))* = 7<?7~ 1 which is equivalent 
to the condition displayed. Moreover, the condition 4 d) of Definition 12.11 
translates as (S7)* = 7. Next we show that Ty.w '■ V ®W — ► W ®V 
defined in ([3]) is a morphism in h-M. 



T(g>(v(g)w)) = r(S(g)*>(v®w)) 
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r(S(g)* {1) >v®S(g)* {2) >iv) 



g>T(vWw) = g\>{g^t>w®Q {l) >v) 



(Sg {1) )*gW>w®(Sg {2) )*g( 1 



Comparing the two, we require A(Sg)* = g^ 1 ((*S (£> *S)t Ag)g which is 
equivalent to the condition stated. Next we show that the compatibility 
condition between T and the associator is satisfied. 



(Yv,w®id)Yu,v®w('u> i 8)(v®w)) = T V:W (g^^>v^g ( - 2S> ^>w)®g^>u 



(g (2) g {2) (2) >w ® g {1) g i2) {1) >v) ® g^>u , 



(id®r uy )r u ® ViW ({u®v)®w) = g {2) ^w®T uy {g {l) m \>u®g {1) (2) >v) 



= s (2 W ®(g^g {1 \ 2) t>v ® g"g w {1) >u 

As the underlying category has trivial associator, this is implied by the 
cocycle condition for g E H ®H. 

Finally, we check the equation for E. Begin with 



T o T 



g {2) >(gw>v)®g (1) >(gw> w ) 



(sg (2) )*g^>v®(sg {1) )*gw>w , 



and use 



bb(v®w) = j>(v(g)w) 



7(1) >f ®7( 2 )>w 



□ 



To give a simple class of examples, we recall |10j that a Hopf algebra H 
is quasitriangular if there is an invertible element TZ E H ® H such that 

(A®id)K = TZ 13 K 2 3, (id® A)K = KxzKvi, toA = TZ{A)TZ' 1 

(which then obeys the YBE or braid relations in H® 3 ). In this case the 
elements 

(4) u = (SK {2) )K W , v = K w (SK w ) 

implement S 2 and S~ 2 respectively by conjugation. A ribbon Hopf algebra 
is a quasitriangular one for which the central element vu has a square root 
v E H (the ribbon element) such that 

Av = 1Z 1Z 21 (v ® v) , ev = 1, Sv = v . 

An exposition with required identities can be found in |14j . 
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Proposition 3.7. A quasitriangular Hopf algebra (H,7Z) which is a flip- 
*-Hopf algebra can be viewed as a quasi-*-Hopf algebra with Q = TZ and 
7 = u~* or j = v* . Then the map E on hM is given by the action of 
{T 1 ®T V ){{*® *)(n 21 ))K A 7 . 

Proof. Since we have assumed both parts of 

(Ag)*®* = rAGf) , rAg = KiAg)^ 1 , 

where r is transposition, it is clear that Q = TZ plays the role required. 
It remains only to find 7. We start by noting that for a fhp-*-Hopf al- 
gebra, S(h*) = (Sh)*, so the condition for 7 becomes 7 _ *<? 7 * = S 2 (g). 
From general analysis on quasi-triangular Hopf algebras p3], this is satis- 
fied by 7 = u~* or 7 = v*. The form for S is given by using the fact that 
(S <g) S)(1Z) = TZ for any quasitriangular Hopf algebra. □ 

Proposition 3.8. A ribbon Hopf algebra (H,TZ,v) which is a flip-* -Hopf al- 
gebra such that 11*®* = Tl 2 l can be viewed as a strong quasi-*-Hopf algebra 
with Q = 1Z and 7 = v~ l v. 

Proof. As in I3.7I we choose Q = TZ, but we need a different 7 to make 
H the identity. We need a grouplike 7 with the property that 7 - *<?7* = 
S 2 (g). Since TZ*®* = TZ%i , we have u* = u^ 1 and v* = i> -1 hence if we 
have a ribbon element, 7 = v~ l v is grouplike and still implements S 2 as 
required. □ 

Example 3.9. The anyon Hopf algebra [14] for q a primitive l-th root of 
unity (I = 2k + 1 > 1 an odd integer) has a single invertible generator K for 
which 

K l = 1 , AK = K®K, e(K) = l S(K)=K~ 1 . 

This Hopf algebra is ribbon, with quasitriangular and associated elements 

1-1 1-1 
(5) IZk = y ^2 q~ 2ab K a ® K b , u = u = v = y ^ q -M a ' r ) R r 

a,b=0 a,r=0 

We take the star structure to be K* = K' 1 , and then 1Z*®* = IZ' 1 = 1Z 2 l 
and we have a quasi-* Hopf algebra as an example of \3.8\ with 7 = 1. 

The bar category of modules of this quasi-* Hopf algebra is that of anyonic 
or Zi-graded complex vector spaces (here K>v = q' v 'v acting in an element 
of degree \v\). Morphisms are degree-preserving linear maps and 

bbv(v) = v, Yv,w(v ® w) = q 2 ^ w ^w ®v 
on homogeneous elements. 

Example 3.10. As another example of the structure given in \3.8\ take the 
example of u q {su2), where q is a primitive Ith root of unity (for odd integer 
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I > 1). The algebra is defined as generated by 1, K ±l , E and F, subject to 
relations 

KE = q 2 EK , K F = q~ 2 F K , [E, F] = — - — , , E l = = F l , K l = 1 . 
The coproduct on the generators is given by 

AE=E®K+l®E, AF = F®1 + ^ 1 ®F, AK = K <g> K . 

The counit is defined by 

e(l) = e^ 1 ) = 1 , e(E) = e(F) = , 

and the antipode by 

SiK^) = K Tl , S(E) = -EK- 1 , 5(F) = -K F . 

This Hopf algebra is known to be ribbon with quasitriangular and related 
structures 

l ~ l (a — n^ 1 ) 71 
K = n K y { ) q ' E n ®F n , 

2mA £ (? 



\ (q-q ) n (i+1)(w _ a _ 1)a/2 nan 



x m=0 n,a=0 

where TZk is defined in |5p. It is also known that this is made into a flip-* - 
Hopf algebra by 

(q ±H y = q ^ H , E* = —F , F* = -E . 

Applying the star to 1Z gives 7£*®* = (7£ _1 )2i as required to apply the above 
results. Hence we have a strong quasi-* Hopf algebra with 7 = v~ l v. 

Example 3.11. As another example of the structure given in Proposi- 

tion \3.8l take the example of u q {su2), where q is a primitive Ith root of 
unity (for odd integer I > 1). This is a central extension of u q (su2) by an 
invertible generator K satisfying the anyonic relations. Then we have a new 
quasitriangular structure: 

l ~ l (a — n~ 1 \ n 

k = n k n K Y, * -21 En ® pn > 

and the same element 7 as in 13, 101 

3.4. Example: Modules over *-quasi Hopf algebras and twisting. 

We first recall the Drinfeld twist theory. Take h-M- to be the category of 
left modules of a Hopf algebra H. For a cochain T € H ® H we can twist 
the coproduct by A<p = !F A( )T~ to give a quasiHopf algebra [11] which 

we denote H-^ . For simplicity we assume that (id<8>e)F = (e<S>id).F = 1. 
This construction can be thought of as twisting the tensor product in hM. 
to a new category C = H J^M connected by a monoidal 'twisting functor' 
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F : hM- —> C |17l I14j . Here F is the identity on objects and morphisms, 
C has a tensor product, and the tensor products on the two categories are 
related by 

fx,Y ■ F(X) ® F(Y) F(X ® Y) , ® F(y) ^ F(^-^)>x ® .F~ (2) >y) . 

Here since F is the identity on objects we extend its notation to the identity 
operation on elements, which is a useful convention to allow us to give concise 
formulae. Thus F{x) denotes x € X viewed in F{X). In terms of this 
notation, h>F{x) = F(h>x). A brief calculation shows that, even though 
H-M- has trivial associator, the new category C in general needs an associator 
$ : (F(X)®F(Y))®F(Z) -» F(X) ®(F(Y) ® F{Z)), given by the action 
of the following element <f> € iJ® 3 : 

4> = (id®.F)((id® A)^)((A0id)J- 1 )(^- 1 ®id) . 

The condition that this is the identity is exactly that T is a cocycle, but we 
shall keep to the general case for the moment. 

Now we suppose that H is a *-Hopf algebra, and thus that h -M becomes 
a bar category with the notations given earlier in 12.41 The problem is how 
to make H J^-^ a bar category. We use the following conventions for 
operations on ^-pAi: 

h>F(x) = (Tj:h)>F(x), 

bb( F(x) ) = F(-ft>x) , 

fb(F(x)) = FQgg) , 

(6) T(F(x)®F(y)) = F(gW>y) <g> F(G^>x) , 

for some <p € H and Q € H <8> H, and some algebra homomorphism Tjr that 
determines the module structure on barred objects in the target category 
just as *S does in h-M. 

Theorem 3.12. Suppose that H is a *-Hopf algebra, and T 6 H (g> H is 

an invertible element with (e®id)F = (id®e)F = 1. Then H j:M is a 
strong bar category such that the twisting functor from h-M. to H J^M is a 
morphism of bar categories if and only if there exists invertible if € H such 
that e((p) = 1. In this case 

Tjr(h)=(p- 1 (Sh)*<p, 7 = ^(S^ 1 )* , g = (<p- 1 ®tp- 1 )(*S®*S)(F 2 i)(Atp)F- 1 . 
Proof. We calculate bb from part (3) of Definition 12. 5p as 

bb F(x) (F(x)) = fb^ofb^oF(bb x )CF(x)) 

= fb^ofb^f )) 

= fb^ ( F(^>x)) 

= fb^(F((5y-i)*>x )) 

= F(<^- 1 (Sip- 1 )*^). 
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Similarly, we determine T from part (4) of Definition 12.51 as 



T(F(x)®F(y)) = (fb- 1 ®fb- l )f- 1 F(r)fbf(F(x)®F(y)) 



(fb- 1 <g> fb- 1 ) f- 1 F(T) fb (F(f-W>x <g> F~ {2) >y)) 



(fb- 1 ® fb" 1 ) r 1 F( T) (F( m ® 99 (2) ^- ( 2 )>y)) 

(fb" 1 ® fb" 1 ) /- 1 (i% (2) ^-(2) >y ® J-^Vx)) 



= (fb" 1 <g> fb" 1 ) (F(^ 1 V^(2) -^~ (2) >y) (8> F(F (2) xp {1) F~ W >x)) 
= Fiip- 1 (SF W )* v9 (2) ^- (2) >y) ® F^- 1 (5^ (2) )* ip {1) F~W>x) . 

Finally, that fbx is a morphism F(X) — > F(X) determines TV. We can 
then use fb to transfer over the strong bar category structure of h-M to 
one of j^-M.. It is instructive, although not necessary, to verify the strong 
bar category structure explicitly. For example, 12.11 (d) requires that 7 = 
Tspi^y) and one may check that this always holds as TV(7) = ip~ 1 (S~/)*(p = 
(p^ 1 (S(ip~ 1 (Sip~ 1 )*))*ip = 7. Similarly, the condition in 12.11 with T and the 
associators gives the equality of the following expressions: 



$ (Tig) id) T (F(x) ®(F(y) <g> F(z))) 



$ (T® id) (F(F^ gW {1) F-W>y) ® F(jM G {2) {2) F~^>z) ® F(G^>x)) 



= $ m g (2) ?V) gW (2) r-m> z ) ® f(£ (1) a (2) (1) ^-(i) >y) ) F(gW> x )) , 

(id ® T) T (F(x)®(F(y)®F(z))) 



(id ® T) T ((F(0-(%x) ® F(0-( 2 )>y)) ® F(0-(%z)) 



= (id T) (F(g® 0-(3)>z) (8) F(^W a (1) (1) ^" (1 V _(1) >a:) ® ^ {2) £ (1) (2) ^~ (2) </>- (2) >y)) 
= F(£( 2 ) 0-(3)> z ) ®(F(£ (2) ^( 2 ) ^ (1) (2) ^-( 2 )0-( 2 )>y) ® F(^ (1) F« O^^V 1 ^) , 
which amounts to the identity 

2>(^ 3 )) ® t^ 2 )) f& g {2) {1) F-^ ® tv(«/,W) e (2) ^ (2) ^ {2) {2) ^- (2) 

= jkd ® s (2) ^ (2) a (1) (2) ^- (2) 0- (2) ® g {2) r (3) . 

(7) 

and one may check that this is always verified for the g, Tjr stated. Similarly, 
an explicit formula for E is deduced from 



TTbb(F(x)®F(y)) = T T (F(f W 7(1) f-W to) ® F(jF< 2 ) 7(2) r (2) 



T (F{gW jP(2) 7(2) jr-m >y) g, 7(1) jp-(l) 



as the action E(x®y) = E^Vx ® S^ 2 Vy of the element 

(8) H = ( 7 - 1 ®7- 1 )((r F ®r F )(g 21 ))^(A7)^- 1 . 
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One may verify that this is the identity for the particular Q,^,Tjr, as it 
must by Proposition 12.81 □ 

Remark 3.13. Note that there is nothing stopping us taking <p = 1 in this 
theorem as well as in the following corollaries, to define a canonical twisting 
induced by F alone with 7 = 1 and Q = (*S <%> *S){J T 2i)J : ~~ ■ Note also that 
(*S <8> *S)(J-) = J- is a reality condition sometimes verified (e.g. for the 
Octonions category) in which case Q = J-%\J- . 

Corollary 3.14. If H is a Hopf * algebra and T in the above theorem is 
moreover a 2-cocycle (i.e. (j) = 1 ® 1 (g> 1 in f6]) ) then the twisted Hopf algebra 
H becomes a strong quasi-* Hopf algebra for any invertible (f, with 7, Q as 
stated. 

Proof. This is a special case of the theorem where H-^ remains a Hopf al- 
gebra. One may verify that this indeed yields a strong quasi-* Hopf algebra 
as defined in Definition 13.41 as it must by general Tannaka-Krein consider- 
ations (see appendix). It is only necessary to factor Tjr = *jrSjr to obtain 
an explicit formula for * jr from the known one for Sjr in [14J . □ 

Corollary 3.15. If J- is a cocycle then H^ is a *-Hopf algebra with the 
twisting functor hM — ► ^jr-M a bar functor if and only if there is an 
invertible element ip 6 H such that 

e(tp) = l, (Scp)* = (f- 1 , (*S®*S)(JF 2 l) = (<p ® ^(Acp- 1 ) 

Here 

tpQi) = VQi^V- 1 ; V = (p(F {1) ST {2) )* 

Proof. This is the special case 7 = 1 and Q = 1(8)1, since these are trivial 
for a usual *-Hopf algebra. The reality condition when ip = 1 recovers the 
condition (*S (8 *S)(J r ) = T21 known for this case in [21 Prop 2.3.7]. □ 

Now we look at this from a different point of view. Suppose that we are 
just given a quasi-Hopf algebra, without a description of how it was obtained 
by twisting (i.e. we do not know J- or ip in the discussion above). However 
we do know A^r, as it is just the coproduct in the quasi-Hopf algebra. We 
describe a *-quasi Hopf algebra via an antilinear algebra map T : H — > H, 
which for a usual *-Hopf algebra is just T(h) = (Sh)* and which for the 
examples constructed above by twisting is the map Tjr, 

Definition 3.16. A *-quasi Hopf algebra (H, A, 0, T, 7, Q) is a quasi Hopf 
algebra (H, A, (j)) with additional data a conjugate-linear algebra map T : 
H —> H, invertible 7 £ H and invertible Q G H (g) H satisfying 

T 2 {h) = 7/17- 1 , 

rA(Th) = g-^TsTirAfyg , 

(e®id)g = (id®e)£ = 1 , 

7 = T( 7 ) , 
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((TOT® T)032i) (1 ® Q) ((id ® A)S) = (Q ® 1) ((A ® id)£) c/r 1 . 
TTie *-quasiHopf algebra is called strong z/ (7 ® 7)A7 _1 = ((T ® T)(C/2i))£/- 

The fifth condition here, for example, is extrapolated from ([7]) but now 
taken to apply more generally than these twisting examples. 

Proposition 3.17. If (resp. strong) *-quasi Hopf algebra then h-M- is a 
(resp. strong) bar category. The associator in the category is 

$((u®v) ®w) = 4>^>U(g)(<j) ( -^>V(g)<j)^>w) , 

and the operations for the bar category are given by 

ht>v = T(h)>v, bb(x) =7^f, r(x~®y) = £ (2) >y ® £ (1 W . 

The coboundary natural isomorphism S is given by 

~(x®y) = 7" 1 T(g (2) )g( 1 )7(i)^^7 _1 T(g (1) )g (2) 7 (2 )>y • 

Proof. The condition for bb and T to be morphisms are the first two equa- 
tions in the list in 13.161 The third equation gives condition (a) in 12.11 and 
the fourth equation gives condition (d). For condition (b), this is direct 
calculation as in the derivation of (J7|). Similarly, direct calculation gives the 
form of H as in the derivation (jHJ). □ 

Remark 3.18. Clearly one can again factor out the antipode S of a quasi- 
Hopf algebra and look at the formal properties of * = T o in line with 
usual *-Hopf algebras but this is not particularly convenient in the quasi- 
Hopf algebra case. 

One may verify that in Theorem l3.12l is indeed a *-quasiHopf algebra 
and the special case of a *-quasiHopf algebra with <f> = 1 is a quasi-* Hopf 
algebra as previously defined. We will later give a concrete example of this 
theory applied to the Octonions. 

3.5. Example: The coset representative category. Suppose that G is 
a subgroup of a finite group X. The set G\X consists of the equivalence 
classes of X under left translation by elements of G, i.e. the left cosets. 
The subgroup G acts on G\X by right translation, which we write as < : 
G\X xG-t G\X (i.e. p<u G G\X for p G G\X and u G G). 

Definition 3.19. The category consists of all finite dimensional vector 
spaces over C, whose objects are right representations of the group G and 
possess G\X-gradings, i.e. an object V decomposes as a direct sum of sub- 
spaces V = ® P £G\x^p; with a compatibility condition between the action and 
the grading. If £ G V p for some p G G\X we say that £ is a homogenous 
element of V , with grade (£) = p. 

We write the action for the representation as < : V x G — * V . The 
compatibility condition is (£<u) = (£)<w. 



22 



E.J. BEGGS AND S. MAJID 



The morphisms are linear maps which preserve both the grading and the 
action, i.e. for a morphism <j) : V — > W we have (</>(£)) = (£) and 4>(^)<\u = 
6(£<\u) for all homogenous £ G V and u G G. 

The category has not yet been given a tensor product operation, and to 
do this we need to make a choice of coset representatives. This is a subset 
M C X such that for every x G X there is a unique s G M so that x G Gs. 
We shall call the decomposition x = us for n G G and s G M the unique 
factorisation of x. For convenience, we identify the coset representatives 
with the cosets. The identity in X will be denoted e, and we assume that 
e G M. 

Definition 3.20. Given s,t G M, define r(s,t) G G and s • i G M 6y t/ie 
unique factorisation st = T(s,t)(s ■ t) in X. We also define functions > : 
M xG — » G and< : MxG — > M fry i/te unique factorisation su = (s>u)(s<u) 
for s, s<u G M anc? u, son G G. 

The assumption that e G M gives the binary operation (M, •) a 2-sided 
identity. Also there is a unique left inverse t for every t G M, satisfying the 
equation t L ■ t = e. We will assume that there is also a unique right inverse 
t R , satisfying t -t R = e. For the identities relating the binary operation and 
the 'cochain' r, see [6]. 

Proposition 3.21. Given a set of coset representatives M , we can make C M 
into a tensor category by taking V ® W to be the usual vector space tensor 
product, with actions and gradings given by 



For morphisms 9 : V — > V and (f> : W — > W we define the morphism 
9®4> : V ®W -> V ®W by (0 <g> 4>) (C ® V) = Q(€)®<l>(v)> which is just the 
usual vector space formula. 

The identity for the tensor operation is just the vector space C with trivial 
G-action and grade e G M . For any object V the morphisms ly : V — > V ® C 
and ry : V — > C 8) V are ^iven &?/ i/ie formulae lv(€) = £ ® 1 anrf ry(^) = 
1<8>£> where 1 is i/ie multiplicative identity in K. 

This tensor product is not consistent with the usual idea of ignoring the 
brackets in tensor products. The non-trivial associator &uvw '■ (U ® V) <8> 
^^[70(^(8 W) is aiven 6y 



We can make C M into a bar category as follows. Again we identify objects 
V and V as sets. The grading and action on V are given by 



(£ 77) = (£) ■ (77) and (f (8) n)<in 



e<r((7?),(C))(8)(r7 0C) • 




v<u = v<({v) R \>u) . 



It is left to the reader to show that this formula gives a right G-action, and 
that the compatibility condition is satisfied. Then the morphism bby : V — > 
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V is given by 

bhv{v) = v<t({v) l , (v))- 1 . 
We also have the following formula for : V ® W —* W ® V, 

^Wv{v<Siw) = w<st((v)<t((v) r ,(w) r ),(v) r -(w) r )- 1 ®v<t((v) r ,{w) r ) 
= (w<t((v), (v) 11 )- 1 (£>v)<}t((v) r , (w) r ) . 

With some effort it can be shown that S is the identity, so the bar category 
is strong. 



4. Braided bar categories 



We recall that monoidal category is braided if there is a natural equiva- 
lence ^ : ® —* <S> op obeying two natural 'hexagon coherence identities' with 
respect to (g) of each factor. These are sufficient to ensure the Yang-Baxter 
or representation of the braid relations between any three objects. There is 
also compatibility with l,r. We refer to [HI [12] for details and [H] for our 
notations. 



4.1. Real and hermitian braidings. If the bar category C is also braided, 
we can ask how the braiding $ behaves under the bar functor. In particular 
we can highlight two cases: 

Definition 4.1. If the braiding in a bar category C fits the following diagram: 



Y®X 



and the sign is +1, we call the braiding real. If the sign is —1, we call the 
braiding antireal. 

Clearly the two notions coincide in the symmetric case where ^ 2 = id. 
In this case we say that the bar category is symmetric. Clearly Vect is an 
elementary example with ^ the usual flip on tensor products. 

Example 4.2. Consider modules hM over a *-Hopf algebra H (see \2.J$ , 
where H is also quasitriangular, with TZ E H <S)H. If we write TZ = 1Z^> ® 1Z^ 
(summation implicit), then the braiding in hM is defined as 

In the literature there are two cases for TZ^* ®7Z^* singled out, and we will 
consider the effect on the braiding of both of these possibilities. The reader 
should remember that (S <S> S)1Z = 1Z. 
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Case 1 - the real case - the braiding is real: ®ft (2) * = ft (2) <g>7£ (1) . 



Case 2 - the antireal case - the braiding is antireal: IZ^'* <g>lZ^* = 1Z~ 



q, v —(jj® W ) = -R.( 2) *>w®ll w *>v 



Example 4.3. For Yetter Drinfeld modules over *-Hopf algebras (see \3.1 
there is a braiding given by 

^{y®vS) = lop] GS> «<t«m . 

This is antireal, as can be seen by the following calculation: 

^(v<Siw) = w [o] ® TxfuJpj 

= <g> TKtom 



= w [0] (g)v<S- 1 (w [1] ) , 
T" 1 ^^ tg>w) = mS _1 («)|i])®«)[o] 



(v&w 



Example 4.4. For t/ie example of u q {su2), where q is a primitive Ith root 
of unity (for odd integer I > 1) (see \3.l0\) the braiding defined by 

is antireal. Note that T is non-trivial in this case. 
4.2. Real forms of bar categories. 

Definition 4.5. A star bar category is a bar category C such that 

a ) There is a natural transformation * from the identity to the bar functor, 
making every object into a star object (see \2. 6]) . (For the identity object this 
is the same as the * in the definition of bar category.) 

b) The following diagram commutes: 



(X ® Y ) ® Z - 



{X®Y)®Z {X®Y)®Z 

$XY,Z 



*X®(Y ®Z) 



Y,Z 



X <g>(Y (2) Z) X <g>(F (2) Z) 

Let us pause to unpack this definition. Firstly, the choice of the mor- 
phisms -k is natural in the sense that, for any morphism <fi : X — > Y we have 
(f)o-k X = *y °0 : X - >• Y . Secondly, we have two obvious morphisms from X 
to X, bbx and -k x -kx, and we insist that these are the same. In the example 
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of the bimodule category, we could write *e '■ E — > £ as e h e*, and we 
would then have e** = e, which is a rather more familiar way of writing an 
involution. There are some immediate deductions which we can make from 
the definition. 

Proposition 4.6. * x = *x '■ X —>■ X. 

Proof. Begin with the morphism *x '■ X — » X, and use the fact that * is 
a natural transformation between the identity functor and bar to see that 
*x*x = *x*x- Since *x is invertible, we get the result. □ 

It will be convenient to make the following definition: 

Definition 4.7. There is an invertible natural transformation T between 
the functors <8> and (g) oflip from C x C — > C so that the following diagram 
commutes: 



X®Y X®Y 



T 



-i 



Y®X Y®X 

Proposition 4.8. In a star bar category C, TT _1 = T _1 Sr _1 : X ®Y — » 

x~Wy. 

Proof. We can rewrite the equation *x<s>Y *x ® Y = bbx ® Y ; using the def- 
inition of r on one side and the definition of bar category on the other, to 
give 

T- 1 (*®*)rT _1 (*<8>*)r = T^T -1 (*<2>*) (★(8)*) S . 
From the naturality of T, (★ ® *) V = T (* ® ★) , and similarly for H, so 



and some cancellation gives 



(*®i)rr ! r = t 



_1 (*®*) 



From the naturality of T, T 1 (* (g> ★) = (* (£i ★) T , and using this we get 
the result. □ 



Proposition 4.9. In a star bar category C, S = T . 
Proof. As -k is a natural transformation, we have 



* = r * r- 1 : X ®Y ^ X ®Y . 
From the definition of T in 14.71 

* = fr- 1 (*®*) : x®y -> i®y , 

and using 14.81 this gives 

★ = T^-r^ 1 (*<g)*) : x®y -> x®y . 
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Using the definition of T again gives 

T -1 (*®*)r = T^^T" 1 (*®*) : X®Y -» X<g>Y , 

and the naturality of T gives the answer. □ 

Proposition 4.10. Given the rest of the definition, the following condition 
is equivalent to \4-5\ part (b): 

<s>{r Y ,z®id)r x ,Y®z = Qd®rx,Y)Tx®Y,z&~ 1 -.x®(y®z) -> z®{y®x) . 

Proof. First consider *(x®Y)®z- From the definition of T we can rewrite 
this as 

and applying this again, 

*(x®Y)®z = ^x\y,z ( id ® T x"y) (*z ®(*y ®*x)) (id<8>rx,y)rx,x,y,z • 
Now we rewrite *x®(y(g)Z) using T, as 

*x®(Y^z) = T^ y0Z (T y 1 z (8id)((* Z (g)*y)(g)*x)(ry,z«)id)rx,y®2 
From the definition of bar category, we have 

®X,Y,Z*(X®Y)®Z = T xV®^( T ^® id ) $ i,V,x(* z<8> (* y ®*x))(id®r X ,Y) T X®Y,Z , 

and by naturality of <&, 

= T xy®z ( T yz ® id ) ((*z ®*y) ® *x) $i,V,x ( id ® r * ,y) Txigiyz • 

If we substitute this into the condition in 14. 51 part (b), we can cancel terms 
to give the equivalence. □ 

From the categorical point of view, T = d(*) o flip and the above is 
equivalent to d(*) a cocycle, see Section 12.51 

5. Algebras and *-Hopf algebras in (braided) bar categories 

We already introduced the notions of algebras and coalgebras in bar cate- 
gories. In this section we give some nontrivial examples and, in the braided 
case, bring the two notions together to the study of Hopf algebras in braided 
bar categories. We recall that a Hopf algebra in a braided category means an 
object B which is both a unital algebra, a counital algebra, A is multiplica- 
tive for the braided tensor product algebra on B ® B, e is is multiplicative 
for which there exists an antipode S : B —* B defined as for Hopf algebras. 
We refer to [H] for details. 
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5.1. Braided *-Hopf algebras. 

Definition 5.1. A braided Hopf algebra B in a braided category C which is 
also a star category with antireal braiding is a braided *-Hopf algebra if: 

1) B is a star algebra in C. 

2) The coproduct satisfies 

A* = "^T -1 (*®*)A : B -> B®B . 
Proposition 5.2. If B is a braided *-Hopf algebra, then for the antipode 

S, S = -kg S~^~kB- 

Proof. We use the uniqueness of the antipode. First, from the definition of 
star algebra, 



Hi+^S- 1 *b <8>id)A = ^^JlT^iS- 1 -k B <8>*b)A 

= *3V(id®5- 1 )T _1 (* B (8)*B)A . 

Now, from the coproduct rule in 15.11 

v{*b 1 ~S~^*b (g>id)A = *^V(id ® S"" 1 )^- 1 A * B • 
Now, in a purely braided Hopf algebra calculation, 

S^(id®5 -1 )* -1 A = ^(5®S , )(id®fl , - 1 )*- 1 A 



/i*(5®id)^ _1 A 
//(id(g)5)A = l B .e . 



From this, 



n(-kgS~ l *b <8>id)A = * B 1 l B .e*B 



where we have used the fact that *g is a natural transformation and that 
lfi.e is a morphism from B to B. □ 

We shall give some examples of this definition. For the first we refer back 
to 13.101 the example of u q {su2), where q is a primitive Zth root of unity 
(for odd integer I = 2k + 1 > 1). We shall look at C„ in the category of 
left u q {su2) modules where the quantum group is viewed as a quasi-*-Hopf 
algebra. 

Lemma 5.3. In \3.3\ a *- algebra in the category of modules of a quasi-* Hopf 
algebra means a module algebra A and a map * : A — > A (written a i— > a*) 
such that 

(h>a)* = (Sh)*>a*, a** = 7 >a, (aft)* = (£T (1 W)(^ (2 W) 
for all a,b E A. 

Proposition 5.4. The algebra C 2 with generators x,y with relations yx = 
qxy is a -k-algebra in the category of u q {su2) modules, where 

(x m y n )* = q-( m + n )( m + n - 1 )( k + l ) I 2 q( n ~ m )/ 2 q nm x m y n 
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Proof. The algebra C 2 has generators x, y with relations yx 



qxy. We 

,1/2, 



define a left action of u q {su2) by 

K>x = qx , K>y = q^ 1 y , E>x = = F>y , E>y = q^ 1 ^ 2 x , F>x = q"'" y 

Here the square root of q is defined by q k+1 because I = 2k + 1 is odd and 
1 -T- 2 = fc + 1 modulo L The braiding in the category qM is given by 
^?(v<S>w) = TZ^'>w <SiTZ^>v, which in this case gives 

*(x (g>x) = q k+1 x ® x , *(y ® y) = y <g> y , *(x ® y) 
(9) ^{y®x)=q k x®y + q k+1 (l-q~ 2 )y®x. 

We can make a star object from 



y(g>x , 



^by 



x- = zq 1/2 y , y 

where z is a complex parameter with \z\ = 1. We immediately set z = 1 
for simplicity! Of course, this only defines star on the generators, we need 
to define it on all monomials x m y n . The hint for this is that the cocycle 
giving T is the same as 1Z which gives the braiding, so the condition for a 
star algebra can be rewritten as 

(ab)* = fi^-^a* ®b*) . 

This is combined with fi^!~ 1 (a <g> b) = q~\ a W b \( k+1 ) a.b, where \a\ and |6| are 
the orders of a and b respectively. Then, supposing that we can extend to a 
star algebra, we get the rule on a normal ordered basis: 

(x m y n )* = q~( m + n )( m + n ^ 1 )( k + 1 )/ 2 q( n ~ m )/' 2 q nm x m y n 

A quick induction on order shows that this is consistent with the rule 
(g>v)* = (Sg)*>v* , in that if it works for v = a and v = b, then it works for 
v = ab. Thus we get a genuine star operation and star algebra. □ 

A much more interesting question is whether C 2 . can be made into a 
braided Hopf algebra, with some sort of star structure. The answer without 
the star structure has been known for some time [141 . There is a coproduct 



z q 1 / 2 x 



A(x-V) 



E 



m 




n 


r 




s 




q 





q s(m~r) x r y s ^ x m-r y n- 



where the g-binomial coefficients are defined in terms of g-factorials by 



m 
r 



[m] q \ 



[r] q \ [m 



r] q \ 



and the (/-factorials are recursively defined in terms of q- integers [m] q 
(q 2m -l)/(q 2 -l)by 

[0],! = 1, [n + l] q \ = [n + l] q [n] q \ . 

If we normalise the quasitriangular structure to 1Z, giving braiding 

^(x <g> x) = q 2 x <g> x , ^>{y <g>y) = q 2 y ®y , ^>{x®y) = qy(&x , 
(10) ^f(y (g> x) = qx <g> y + q 2 (l — q~ 2 ) y (g> x , 
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then this gives a braided Hopf algebra. First we note that for q a primitive 
cube root of unity (k = 1), no renormalisation is necessary. For the other 
roots, the best way to carry out this renormalisation is to introduce the 
central extension of u q (su2) described in 13.111 We suppose that K acts 
as qP on both x and y. Then, as explained in 13.91 the extra factor TZp, 
introduces an extra factor of q^ 2 ~ 2 into ([!]), so to get (fTUI) we need /3 2 = 3 
mod I. This is obviously satisfied by (3 = if I = 3, so as already noted no 
extension is necessary. For I > 3 the existence of a (3 with (3 2 = 3 mod I 
is well studied in number theory. If there is such a (3, then 3 is said to be 
a quadratic residue for I. For I prime, this is summarised in the Legendre 
symbol: 

/3\ f +1 3/3 : (3 2 = 3 mod I 
\l J ~~ \ -1 $0 : (3 2 = 3 mod / 

The list of those primes in the first hundred prime numbers for which 3 is a 
quadratic residue is: 

11, 13, 23, 37, 47, 59, 61, 71, 73, 83, 97, 107, 109, 131, 157, 167, 179, 181, 191, 193 
227, 229, 239, 241, 251, 263, 277, 311, 313, 337, 347, 349, 359, 373, 383, 397, 409 
419, 421, 431, 433, 443, 457, 467, 479, 491, 503, 541 . 

For example, in the first case on the list, 5 2 = 3 mod 11. 

Theorem 5.5. In the following cases the coproduct 

A(x m y n ) = 

makes C 2 into a -k-braided Hopf algebra, with braiding 

^>(x ® x) = q 2 x (g> x , ^(y®y)=q 2 y®y, ^(x®y)=qy®x, 
(11) ^>(y (g> x) = q x ® y + q 2 (l — q~ 2 ) y ® x . 

and the star operation 

{x m y n )* = q^( m + n )( m + n - 1 ) g( ra - m )/ 2 q nm x m y n 

Case 1: 1 = 3 and we use the usual u q {su2)- 

Case 2: We use the centrally extended u q {su2), and restrict to the case 
where 3 is a quadratic residue mod I. The central generator K acts as q@ on 
x and y, where f3 2 = 3 mod I. 



m 




n 


r 


n 


s 



?S (m-r) x r y s x m-r y n-s 



Proof. Explicit calculation, using Examples 13.101 and 13.111 



□ 
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5.2. Transmutation of Hopf algebras. We recall that the transmutation 
of a quasitriangular Hopf algebra H is a braided Hopf algebra in the braided 
category hM of left .ff-modules. It is defined by BH being H as a left H 
module (under the left adjoint action h>b = h^bS(h^ 2 )), and has the same 
algebra, unit and counit as H. For the braided coalgebra, we have 

Ab = b {1) S(R.( 2) )®K {1) t>b {2) , S(b) = TZ {2) S{K (1) >b) . 

We shall see that, under some quite common restrictions, the transmutation 
of a Hopf algebra with star operation gives a braided *-Hopf algebra. 

Theorem 5.6. Suppose that H is a quasitriangular *-Hopf algebra, and that 
TZ*®* = TZ^ 1 . Then if we define * : BH — > BH by b ^ b* (using the star 
operation from H), then BH is a braided *-Hopf algebra. 

Proof. The reader should remember that in this case * preserves the order 
of coproduct and switches S and S* -1 . First check that * : BH — > BH is a 
morphism in hM: 



*(h>b) = {h>b)* = (h {1) bS(h {2) )y 



S(h (2) )*b*h 



(i) 



h>(*b) = S(h)*>b* = S(h)* (1) b*S(S(h) {2 - 



= S(h (2) )*b*S(S(h (1) )*) 
= S(h {2) )*b*S-\S(h w ))* . 



Next for the coproduct, 



(*®*)A6 = 5(^ 2 ))*6* 1) 0(^( 1 )>6 (2)/ 



= S(KW)*b* m ®S(KW)*>bfa 

= n^>b* {1) ®n^*\>b* {2) 



T _1 (*®*)A6 = K {1) *t>b* 2) ®Tl (2) *b (1) 



\I/T _1 (*(g)*)A& = KW>(n-Wb* 1) )®KWK-(%b : {2) 



= n^^n-^b*^) ® n^n-^>b* 2) 

= n {2 \ 1) n-^^i 1) s{n {2 \ 2) )®n^n-^>bi 2) . 

Now from the definition of quasitriangular structure use (id <g> A) 72. = TZ^TZn 
to get 



*T _1 (*(8)*)A6 = bfaSCRW) ®TZ^t>b* 2) 

Finally we check the antipode, 

5(6) = 72 (2) S{lZ {1) >b) 

= H^S 2 {ll W {2) )S{b)S{K W (l) ), 
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and using (A<g>id)7£ = TZ13IZ23, 

5(6) = K {2) KW S 2 {TZ^)S{b)S{1l {1) ) 
= K (2) u' 1 S(b)S(K {1) ) 

= u~ l s(b)n-w , 
(spy = s{b)* U '*n {2) , 

S((Sb)*) = K {2) S\K (1 \ 2) )S(K ( V S(b)*u-*K( 2 y)S(K {1 \ 1) ) 

= n {2) S 2 (K {1 \ 2) ) SCJlW) S(u'*) b* s(nv>) 

= 1l {2) TZ (2) S 2 (TZ (1) ) SCRW) S(u~*) b* S(TZ^) S(K {1) ) 

= K {2) u- 1 S(TZ^) S(u-*) b* S(K ( V) S(R (1) ) 

= n {2) s-\n {2) ) u- 1 S(u-*) b* S{RW) s(k {1) ) 

= K (2) S-\KW) u- 1 S(u~*) b* S(TZ {1) ftW) 
= K {2) K- {2) u- 1 S(u-*) b* S(1l {1) K- {1) ) 

□ 

Theorem 5.7. Suppose that H is a quasitriangular flip-*-Hopf algebra, and 
that TV ® * = Tl^l . Then if we define * : BH — > ~BH by 



*b = Tl-^b*S- l {Tl-W)S 



-I, 



u 



(using the star operation from H), then BH is a braided *-Hopf algebra. 

Proof. The reader should remember that in this case * flips the order of the 
coproduct and S(h*) = S(h)*. First we check that * is a morphism: 



h>*b = S(h)* {1) K-^b*S- 1 (Tl- (2 '))S- 1 (u)S(S(h)* {2) ] 
= 5(5- 1 (7i-( 1 ))fe* (2) )6* ) S , - 1 (^ _(2) )^* (1) S , - 1 H 



5(^-( 1 )/i* (2) )6*^-( 2 )/i* (1) 5- 1 



= S{h* {l) K-^)b*h* {2) K~W S-^u) 

= S(TZ-^)S{h* {1) )b*h* ^S^iSiTZ-^S'^u) 

= K-^Sih^^h^^S-^K-^S-^u) 

= n-Wsih^frh^s-^n-^s- 1 ^) 

= n-^ih^ys-^n-^s-^u) , 



where we have used (S <8> S)TZ = 1Z. 
Next, we do * twice: 



= *(K- ( Vb*S- 1 (K-W)S- 1 (u)) 



n (1) s , - 1 («*)5- 1 (^ -(2) *)6w-( 1 )*5- 1 (^ (2 V _1 H 
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= ii H1) s- 1 (u- 1 )s- 1 (n^)bn^s- 1 (n H2) )s- 1 (u) 

= S- 1 (m- 1 )5~ 2 (^~ (1 ) )5~ 1 {K^)bKW S~ l {K~ {2) )S- l {u) 
= 5- 1 (m- 1 )5~ 1 5- 1 ) )^ (2) -g' 1 (^~ (2 V" 1 M 
= 5- 1 (u~ 1 )>g- 1 (^ (1 ) ^~ (1) )^ (2) ^~ (2) -g~ 1 W 

using u* = -u -1 and (S ® S)1Z = 1Z. As 7 = v~ x v is grouplike, we get 

= v~ x vbv~ x v = v~ 1 bv , 

using v central. Now use S~ x {u) = v. 

Now check that we get a star algebra. The following expression should 
be *(ab): 



= (R-W>(K~ il) b*S- 1 {K~ (2) )S- 1 (u))) (R-( 2 )>{K~ (1) a*S- 1 (il~ i2) )S- 1 (u))) 

= R- {1 \ 1) K~ {1 h*S- 1 (K~ {2) )S- 1 (u)S(R- {1 \ 2) )R- m 

= R-( 1 \ 1) K~ il) PS- 1 {K~ {2) )S- 1 {u)S(R- {1 \^^ 
From the usual rules for the quasitriangular structure we get 

(A® A)72. = ^14^13^24^23 , 

so 

® ^- 1 (n),S(^ (1) (2) )^" (2) (1) ® ^" (2) (2) 

= <8.5- 1 (u)5(7t~ (1) ^" (1) )7t" (2) ^" (2) ^^ (2) ^-( 2 ) 

= ^ _(1) ^-( 1 )®5- 1 («)5(^" (1) )5- 1 («- 1 )^" (2) (8i^" (2) ^-( 2 ) 

= n^n-v ® ,s- 1 (^ (2) ^" (1) ) ® 7t" (2) 7e- (2) 

Now, substitute this back into the expression we hope is *(a&) to get: 

^ (1) 7e-( 1 )^" (1) b*g-^^" (2 V- 1 (^ (2) ^~ (1) )^~ (1) o*5- 1 (^~ (2) ^~ (2) ^~ (2 V ~ 1 («) 

From this we have, using the braid relations, 

^-12^-23^-13^-12 = ^-13^-23 

which gives, as required, 
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= K-^b*il {l) K (l) a*S- 1 {lZ-^ lZ {2) 'k m )S-\u) 

= ^-W6*a*S- 1 (^- (2) )5- 1 (u) 
= -k(ab) . 

Now we check the rule for the coproduct: Using Q = 7c2i7c, 
T^A^a = ^ _(1) (1) a* (1) 5- 1 (^- (2) )(i)5- 1 (u) (1) S(7^ (2) ) 
07l (1) >(^ (1) (2) a* (2) g-i(^-( 2 )) (2 )g-i(n) (2 )) 

= 7e ~ (1) (1)Q * (1) 5- 1 (^" (2) (2 ))g- 1 (Q- (2) )g- 1 Hg(^ (2) ) 

(8)?l (1 \ 1) 7e- (1) (2) a* (2) 5- 1 (7e- (2) (1) )5- 1 (Q-( 1 ))g- 1 («)5 (7l (1) ( 2 )) 

®^ (1 \ 1) ^- (1) (2) a* (2) S-i(^- (2) (1) )S-i(Q- (i))g-i(^ (1) (2) )g-i(u) 
= 7e - (1) (1) a* (1) 5-i(^ (2) Q-(2)^- (2) (2) )5-i(n) 

(8)?l (1) (1) 7e- (1) (2) a* (2) 5-i(7l (1) (2) Q-a)7e- (2 ) (1) )5-iH 
= 7e - (1) (1) a* (1) 5-i(^ (2) ^- (2) (2) Q-(2))^i(n) 

where we have used the fact that Q commutes with coproducts. Now we 
use the braid relations again: 

(l«)(A®id)^)((A(g)A)7e" 1 )(l(g)l«)Q~ 1 ) = TIta^^R^R^R^^^R^R^ 

= 7Z 2 '{R^ l {R 1 ^R l ^R^ i JZ A ^ 

= TZ 23 7i 14 7l 13 7Z 43 . 

On substitution we get 

T^A + a = n-^7Z~ il) a* il) S- 1 (7Z-^7Z Hl) )S- 1 (u) 
®W" (1) a* (2) S , - 1 (^" (2) ^~ (2) ^" (2) )S'- 1 («) 

®W" (1) a* (2) W" (2) S'- 1 (W~ (2) )5" 1 (^~ (2) )'S , " 1 («) 

= 7e-( 1 )^ (1) ^ (1) a* (2) ,s- 1 (^ (2) )5- 1 H 

®W" (1) W" (2) o* (1) S'- 1 (W~ (2) )5" 1 (^~ (2) )'S'" 1 («) • 
Now apply the inverse of *: 

^(2) " (2) ! Wl) -(1) 

= am 7c 7Z <g) b (7c )a( 2 )7c 
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o ( i) S{K {2) )S(K {2) ) ® 1l {1) a {2) S(K {1) ) 
a {1) S(K i2) K (2) ) ®K (1) a {2) S(K {1) ) 

a (1) 5(7e( 2 ))^7e (1) (1) a (2) 5(7e (1) (1) ) 

Aa . 



□ 



5.3. Example: The octonions. We construct these as a * algebra using 
the setting of Theorem 13.121 and the following immediate corollary: 

Proposition 5.8. In the setting of Theorem \3.12\ if A is a star algebra 
in the category u-M- then F(A) is a star algebra A in the category H jrA4, 

where we set * : F(a) i— > F(tp~ 1 >a*). 

Proof. Using Theorem I3.12| we apply the twisting functor to any commuta- 
tive diagram in h-M to obtain one in . □ 

In particular, consider H = C(G), the functions on a finite group. This 
has basis of delta-functions {S a } labelled by a E G and coproduct A5 a = 
J2bc=a &b <8> S c , counit e5 a = b~ a ,e and antipode S5 a = S a -i. Here e is the group 
identity. A cochain on H is a suitable J- € H ® H i.e. a nowhere vanishing 
2-argument function J- {a, b) on the group with value 1 when either argument 
is the group identity e. Then 

J r {b,c)J r {a,bc) 
J- {ab, c) J- [a, b) 

is the usual group-cohomology coboundary of F and is a group 3-cocycle. 
Then is the same algebra and coalgebra as H but is viewed as a quasi- 
Hopf algebra with this <f>. 

We next take A = CG, the group algebra of G. This has basis {e a } 
labelled again by group elements. The product is just the product of G, so 
e a e b = e ab- This is covariant under C(G) with action 

5 a >e b = 5 a)b e b . 

Applying the twisting functor gives the twisted group algebra Ajr with the 
new product 

e a «e 6 = J r ~ 1 (a,b)e ab 

An example is G = Z| which we write additively as 3-vectors a with 
entries in Z2. We take 

/ 1 1 1 \ 



1 



6+016263+610263+616203 



r(a,b) = (-i) V 1 / , 0(a,6,a) = (-i) 3 -(M 

The new product 

ea«eg = -F(a,6)e 5+g 
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is that of the octonions O as explained in pp. This is the by-now well-known 
construction of the octonions as a quasi-algebra obtained by twisiting. 

Proposition 5.9. The cochain T for the octonions obeys the condition in 
Remark \3.13\ and hence the category above of 7l\-graded spaces is a bar cat- 
egory with 

bbv(v) =v, Tv,w( v <S>w) =w®v 

on elements of homogeneous degree in objects V, W. Moreover, the Octo- 
nions O are a ^-algebra in this category with et = in the above basis. 

Proof. The element Q = is also the element that makes the category 

symmetric and was computed in [T] to give the above. The (p is trivial hence 
the * operation is the same as that on CZ|. □ 

Clearly we can apply this twisting theory also to the action of CZg on 
H = l 2 (Zl) obtaining in this way an inner product space of some kind in 
the bar category where the octonions live and an acton of the octonions on 
it is as a star-algebra, i.e. a C*-algebra in the bar category. 

5.4. A C*-algebra in the coset representative category. There is an 
algebra in the category defined as follows. It has vector space basis 
5 s <&u for all s € M and u G G. The grade is defined to be the unique 
solution to s ■ {8 s ®u) = s<u, and if we set a = {5 s ®u), the action is given 
by 

(12) (6 s ®u)<v = 5 s<J ^ a>v )^(a>v)~ 1 uv . 

The formula for the product \x for consistent with the action above is 

(6 s ®u)(5 t <g)v) = S ttS <M 5 s<iT ( a fi)<g>T(a,by 1 uv , 
where a = (5 S (g) u) and b = (5t®v). There is a unit and counit defined by 

I = S t (g> e , e(6 s ®u) = 5 s>e . 
t 

The reader should refer to [6] for the details of the construction 

Proposition 5.10. The following morphism * : —* A^ makes A^ into 
a star object in C^, where a = {5 S (g> u): 

(13) *(5 s ®u) = (5 s ®u)* = (5 s<u (g)'u- 1 r(a,a ii: ))<r(a,a i? )- 1 . 
Proof. Begin with 

(s<u)-a R = (s-a)-a R = s<r(a,a R )-(a-a R ) = s<r(a,a R ) . 

This means that S S<IU ® u~ 1 r(a, a R ) has grade a R . Now we use the formula 
a L = a R <r(a, a^)" 1 to see that the following element, which we define to be 
(S s ® it)*, has grade a L : 

(5 s ®u)* = (d s<u <^u~ 1 T(a,a R ))<iT(a,a R )~ 1 



f -1 0^ \v\ ^ \w\ ^ 
1 1 else 
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= <Wr(aV)-i ®T(a L ,a)u~ 1 . 

To get the last equality we use a r or(a, Now we define 

a map ★ : i M — > yl M by 



(14) *(5 s (g)u) = (<5 s <gm)* = (^ <M (8)M~ 1 r(a,a R ))<r(a,a fl )- 1 . 

By construction this preserves grade (since (a L ) R = a), and now we show 
that it also preserves the G-action, and is thus a morphism in C^. 

*((5 s ®u)<v) = *(5 s ^ a>v) ^(a^v^uv) 

= (5s<iuv ®v~ 1 u^ 1 (a>v)r(a<v, (a<v) R ))<T(a<v, (a<v] 

= (5 s<uv ®v~ 1 u~ 1 av(a<v) R )<iT(a<v,(a<v) R )~ 1 , 

(*(6 s ®u))<v = (((5 s <, n (g)M~ 1 r(a, a H ))<r(a,a- R ) _1 )<f 



= (5 s<u (>5>u~ 1 T(a,a R ))<\T(a,a R )~ 1 (a>v) . 
To show that these are the same, we first calculate 

r(a<v , (a<v) R )~ 1 (a>v)~ 1 T(a, a R ) = (a<v) R_1 (a<w) _1 (a>w) _1 aa R 

so we have to show the following equality: 

(15)5 S<1UV (g)w~ 1 ti _1 af (a<v) R = (5 s<lu (3u~ 1 T(a,a R ))<a R ~ 1 v(a<v) R . 
Now we use the factorisation (remembering that a^vicKiv) 1 * E G) 

a R a R ' 1 v(a<v) R = v(a<v) R = (a R >a R ' 1 v(a<v) R ){a R <a R ' 1 v(a<v) R ) 
to apply the formula for the action on A^, 

(5 s<m ®u~ 1 T(a,a R ))<ia R ~ 1 v(a<v) R = 5 s<mv (g> v^ 1 u^ 1 r(a, a R )a R ~ 1 v (a<v ) R . 
This verifies (|15p . and completes the proof. □ 
Proposition 5.11. is a star algebra in the category C M . 
Proof. Set x = 5 s ®u and y = 5t®v, and set (x) = a and (y) = b. Now 
/lT _1 (x* <S>y*) = [j,(y*<ST(a L , a) -1 <g> x*)<r(a, b) 

= ((<W(6*-,h)-l g T ( feL ' fe)^~ 1 )<T(Q L » Q )' 1 ) 

(^«r(«i,a)-i ® T(a L > a)u- 1 )<r(a, 6) 



= ($t«vT(bL,b)-i(bL>T(aL,a)-i) ®{b L >T(a L , a) x ) 1 r{b L ,b)v 1 r(a L ,a) x ) 
( 16 ) (*»<ur(o i ,a)- 1 ® T (° L ' a)n- 1 )^r(a, 6) . 

The grade of the first factor in this product we label as c = b L <r(a L , a) -1 . 
Then we continue with the product: 

JlT (x*<S>y*) = <S a « UT ( a £ 1 a)-l l t« r ( £ I a)-l (^r(fe i ,fe)- 1 (b i c>T(a i ,a)- 1 )r(c,a i ) ® 



r(c 3 a L ) _1 (6 L [>r(a L , a)~ 1 ) _1 r(6 L , 6)v^ 1 u- 1 )<ir(a, 6) 

<Wi,t ^<t)r(6 i ,i))- 1 (6 1 >T(a L ,a)- 1 )T(c,a 1 )Mj ® 

u> _1 t(c, a L ) -1 (& L >T(a L , a)~ 1 )~ 1 r(6 L , 6)v- 1 u~ 1 r(a, 6) , 
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where we have used w = (c-a )>r(a, b). Next 

r(b L , 6)^ 1 (6 L >r(a i , a)- 1 )r(c, a L )w({c-a L )<T{a, b)) 
= r(b L , b)-\b L \>T\a L , a^ca^ia, b) 



r(b L , b)- 1 b L r{a L , a y l a L T{a, b) 



= b l a 1 r(a,6) 
= (r(a,6)(a-6))- 1 r(a,6) 
= (a-6)" 1 

= r((a-6) L ,a-6)" 1 (a-b) L 
This means that 



fj,T (x*®y*) = S s<U;t S t <vT((a-b) L ,a-b)--L ®T((a-b) L ,a-b)v 1 u 1 r(a,b) 



= 5 s<u j 5 s<UVT{{a . b) L^. b) -i®T((a-b) L ,a-b)v 1 u 1 r(a,b) . 
We compare this with 

*[j,(x®y) = S s<Mt t * (<W(a,6) <8>T(a, b)~ l uv) , 
which gives exactly the same result. □ 

There is also an object C(M) with basis elements 5 S for all s G M, and 
grade and action given by (5 S ) = s and 6 s <v = 8 s<Sv . This has a star operation 
defined by -k5 s = S s l . To check that this star is a morphism, we have 



6 s l<u = 5 s l<(s>u) = 5 s L^ st>u) = (5 (s<m )l 

Proposition 5.12. There is a nondegenerate inner product (see \2.14\ ) given 
by a morphism (,) r : C(M)<g)C(M) — ► lc, defined by (5t,5 s } r = 5 Sj f It is 
also symmetric. 

Proof. The definition is designed to preserve grades. For the actions, 



(5 t <((5 s )\>u),8 s <u) r - (St<(s R >u)>fis<(s R >u))r = $t<(s R >u),s<(s R >u) = $M 

To check the symmetry of the inner product on C(M): 



T- 1 (bb(«5 s )0«5 t ) = T-\5 sMs L tS) -^5 t ) 



= (<W(p,p«)-l ^S s<T{s L tS) -l)<T( P R ,t R ) 

where p = (8 s <it(s l ,s)- 1 ) = (s<t(s l , s) -1 )^ = s L . It follows that 



(,) r T (bb(<5 s ) <S> S t ) = (^< T (p,pi?)-i,^< r ( s i, s )-i))r 



$t<T(s L ,s) _1 ,S<t(s L ,s) _1 



>t,s 



□ 



For any object V in C^, there is a right action of on V given by 
v<(5 s ®u) = S/ V \ s v<u . 
Further < : V <8> A>q is a morphism in C^. 
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Proposition 5.13. The usual action < : C(M) — » C(M) is compatible 
with the inner product (seeW. 



Proof. Let a = {5 s (&u). 

(< id)((£p ®(<5 S (8) u)) (8) 
(id (8)(* <g> id))$((<5 p (8)(<5 S ® «)) <g> T q ) 



where s' = s<ur(a L ,a) 1 and it' 



<W(a,? R ) ®0®£g) 
,-1 



r(a ,a)u . Following on from this, 

<((<W(a^,a)-l ®(^' ® u '))<^(o. 
= $p<T(a,q R ) ® 

= < 5 s ', g <jT(aV)- 1 - ( W(a, g «) ® 



Now apply the inner product. 



□ 



6. Duals 



\q (evaluation) and coev^- : \q X ® X 



6.1. Rigid tensor categories. The left dual is a contravariant functor 
from C to C, written as X i— » X'. For every object X in C there are 
morphisms ev^- : X' ® X 
(coevaluation) so that 

r^ 1 (id<g)evx) < l ) (coevA' <S>id)rx 
r x }(evx ®id)$ _1 (id(g)coevX)/x' 



id x : X -> X , 

Further ev L and coev^ obey the following properties for every morphism 
<fi : X — > Y (we are prevented from making a simpler statement about being 
a natural transformation because of the contravariant nature of dual). 



Y' 

)id 



>X 



id( 



Y'®Y 



X'<S)X 



cv 



ev 



Y 



X 



coev" 



X®X' 



coev 



Y 



id 



Y®Y' 
id £ 



We could also have a right dual, which would be a contravariant functor 
from C to C, written as X i— > X°. For every object X in C there are 
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morphisms ev)£ : X <g> X° — > 1q (evaluation) obeying the opposite versions 
of the rules for the left dual. 

Definition 6.1. A tensor category is called left rigid if every object has a 
left dual, and right rigid if every object has a right dual. 

6.2. Making right duals using bar. 

Proposition 6.2. Suppose that we have a left rigid category which is also 
a bar category. Then 



x° = (xy , 



ev R = ★- 1 ev|T- 1 (bb®id) :X®X°^X , 
coev^ = (id<g>bb -1 )TcoevJ* : 1 -> X° ® X . 

makes the bar category right rigid. 

Proof. We have to see if these obey the required properties for right rigidity, 
beginning with the following composition being the identity: 

id(g)cocv-S , a>-i , ev5 

(17) X -» x X(g)(X°®X) (X®X°)®X -4 X . 
If we substitute in the various definitions, we have 

L 



a>-l = — = "I — 1/S?>irl^= = = * _1 ev ^ ®id = r- 1 = hh _1 

4 ld (xy®x®x i®x x h -^ x . 

Now we use the left and right identity properties in the definition of bar 
category to rewrite this as 



bb = r ~ = coev^ ® id -= = (id ® T) T 



i^>i^i®i ^ (x ®(xy) <g> x y ^ x ®((xy ® x) 
?->pr®pO')®x ( -U® ldj x®((x)'®x) x®i ^i -^ x . 

Now we can use another rule in the definition of bar category to simplify 
this to 



bb = " — '•• •' v; 1,1 - — = = <h = '— id ® ev-^ 



x^x—^i®x ^ (x®(xy)®x x®((xy®x) — > x 
^T h ±lx, 

and by right rigidity this simplifies to the identity on X. 

The other required result, that the following composition is the identity, 
is left to the reader: 



coev 



X° ^ (X°®X)®X° X°®(X®X°) — > x° . 

□ 
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Remark 6.3. Given left and right rigid structures, we can define a mor- 
phism X — ► X°' as follows: 

i^i®i id ^ vi ° i®(r® x°') x°' cv ^ id i®x°' r - 

and this morphism has inverse given by 

x°> ^ x°' ® i id ^ v * x°> ®{x° ® x) ^ (x°> ® x°) ® x ev ^ id 1 ® x r - 



Appendix A. Reconstruction theorem 

The reconstruction theory involves a representable functor F from a 
strong bar category to Vectc (with its usual bar structure and transpo- 
sition) . There are two versions of this theory, one which reconstructs a Hopf 
algebra via its comodules and which is technically superior, and the other 
via its modules which is less useful but easier for most readers. In keeping 
with the line taken in the paper we focus on the module case but the other 
has identical proofs with arrows reversed as for example in |17} HH] . 

Representable here means that there is a vector space H with linear maps 
Lin(V, H) in natural 1-1 correspendence with natural transformations be- 
tween the functors V ® F and F for every vector space V. [The functor 
V®F maps X to V®F(X).\ We begin with a x ■ H®F{X) -> F{X), 
which corresponds to the identity id £ Lin(if, H), which may be more recog- 
nisable after reconstruction as the action of H on F{X). Thus we also write 
ax as h®x i— > h>x. Using the bar structure, we have the following natural 
transformation (3 between H ® F and F: 



H ® F(X) 1U -^T H ® F(X) ^ H ® F(X) ^ F{X) F{X) 
where ax is given by the composition 



H ® F(X) H g, F pq F ( X ) _ 

(The reader should note that we have only used the braiding in Vectc, 
i.e. transposition.) The natural transformation (3 will correspond to a map 
T : H -> H so that: 

_ Px 
H®F{X) F(X) 



T® id 



id 



H®F{X) - F(X) 

As we are operating in Vect where both the braiding and T are trans- 
positions (with appropriate bars in the case of T), 



ax(h®x) = T(h)\>x 
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and the definition of T simplifies to T(h)> being the following composition: 

(18) F(X) F\X) F(X) F(X) ^ FpTj b -^ . 
Proposition A.l. T(hh')> = T{h)T{h')>. 

Proof. By applying (|18|) twice. □ 



Proposition A.2. T{T{h)\> = h>. 



Proof. The following composition gives T(T(h)>: 



F{X) ^ F(X) ^ F(X) T ^ F{X) ^ F(X) ^ F(X) , 
and if we use the definition of T again we get 



F{X) ^ F(X) F(X) F(X) F(X) ^ F(X) 
By using Proposition 12.61 this becomes 



F{X ) J*> FjX) ^ F(T) F(T) F ^ FjX) ^ F(X) , 
and by the functorial property of h\> (as a is functorial), we get 



F(X) ^> F(X) ^ F(X) F(X) , 
and as bb is a natural transformation, this is just 

F(X) F(X) . 



□ 



The coproduct is reconstructed from the following diagram, where we 
have used Ah>(x ® y) = h^t>x®h(2)>y: 

h> 

F{X®Y) F(X®Y) 

^ 1 I ^ 

F(X)®F(Y) - F(X)®F(Y) 



Proposition A.3. T(h)(i)><8 T(h)( 2 )> = T(h(2))> ® T(/i (1 ))>. 
Proof. The following composition gives T{h)t> on i^Xtgiy): 



f(x ® y) ^> f(x (8 y) f(x ® y) f(x ® y) ^ f(x ^ y) f(x <g> y) 

By functoriality this is the same as 



f(x ®y)^> f(x ® y) f(x ® y) ^2 F(y <g> x) ^> F(r ) ® f(x) ^ 
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F(Y) <8 F(X) M F(Y <8 X) F{ ^ ] F(X Y) ^— > F(X <8 F) F(X <8 y) . 
Now we use the definition of T to get 



f(x ® y) ^ f(x ® y) f(x y) ^5 F(y F(y) ® f(x) ft 



F(y) ® f(x) r(fe(1))> -^ r(fe(2) }> F(yy_® FjX) ^ F(Y)®F(X) 

X F(Y®X) F{ -^ 1] F(X®Y) ^ F{X®Y) ^ F(X ® y) . 
By property (4) in Definition 12.51 this is the same as 



bb =, = = „c f- 1 „, vX = ==f T 



f(x ® y) ^> f(x (8> y) ^ (8 F(y) F(y) ® f(x) 

T(h (1) )>®r(fc (2) )> ==-== t-i ====== ===== bb-i ^ ^ ^ ^ 

Using the functorial property of T gives 



F(X (8 Y) ^ F(X F(X) (8 F(y) 

rTO>_grra> — = — ^ — = bb^ s y) 

Now as bb is a natural transformation we get 



F(X Fpf ) (8 F(y) ^> (8 F(y) 

F(X)0F(y) ^ is F(Y) -L F(X ® Y) , 

which, for the same reason, becomes 

F(X ® Y) ^ F{X) (8 F(Y) T ( h W>_®J( h W> p^x) ® F(Y) M F(X <8 Y) . 

□ 

The antipode is reconstructed using the left dual structure from the fol- 
lowing diagram for S(h)>: 

F{X ) F{c °^ d F{X®X')®F{X) f ~^ A F{X)®F{X>)®F{X) id ^ id 

F(X) ® F(X') ® F(X) F(X) ® F{X> ® X) id 9 I^ ) F(X) . 
(19) 

From the right dual structure we also have the following diagram for S~ l (K)t>: 

F(X) id8 ^r") F(X)®F(X°®X) F(X)®F(X°)®F(X) id ^ id 

F{X)®F(X°)®F(X) ^ F(X (8 X°) <8 F(X) F(e ^f id F(X) . 
(20) 

That these really are mutually inverse can be seen either by explicit calcula- 
tion, using the functoriality of a, or by quoting the uniqueness of antipode 
in a Hopf algebra. 
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Proposition A. 4. S(T(h))> is the same as p> : F(X) — > F(X) where 
p = T- 1 (S- 1 (h)). 

Proof. If we replace X by X in (|19j) . we get (using the functoriality of a): 

f- 1 F(coev)®id — — — id ® fb^ 1 F(hb) g> id 



F(X) J ^^' U F(I)®F((I)')®F(I)^' U ^' W ' U F(I)®F(I°)®F(I) 

id^TW^id F( - } ^ — id^(bb^)fb®id F(Z) ^ F((Z)>j p (X) > 

where we have used the fact that bb : (X)' — > J°. Now, using the fact that 
T(T(h)> = h>, we see that S(T(h))> is given by the composition 

/ -1 F(coevjf) ®id nfr%F\/\ — idiXifb -1 F(bb) ®id 



M ^ ,mu F(I)0F((I)')®F(I) w ^^' U F(I)®F(J°)®F(I) 
id0 ^ id ^ ( _ __ id ^ F(b b- )fb ^ id ^ ( _ /} U9 F^ x) f F(J) 

We can rewrite this as 

_ / _1 F(coev^) <g>id , fb -1 (x) fb -1 Ffbbt R) fb -1 

F(X)^l®F(X) K —> x) F(X)®F((X)')®F(X) ® _T b J® tb 

id ®75> ® id =7 ^ x „ pr? ^ fb ® i^bb" 1 ) fb ® fb 



F(X) ® F(X°) ® ® F(X°) ® F(X) 

, id®F(ev§,)/ i-i 

F(X)®F((X)')®F(X) F(I)®1^F(I) 

Using the commutativity of the following diagram (from property (4) in 
Definition 12.5ft and the definition of the right dual structures, 

F(bb _1 )fb®fb 



F(X°)®F(X) - F((X)')®F(X) 



T 



-i 



F(evf)/ 



*F(ev^)/ 



F(X)®F(X°) 
this becomes 

_ / _1 F(coev^) ® id , fK-1 ro, fk-1 p(hb) (58 fb" 

F(X)^1®F(X) [ ^ x> F(X)®F((Xy)®F(X) a ® fb ^i bb )® tb 



id ® h> ® id „ N „ -,^„ N „ T .- N fb ® T" 



F(X) ® F(X°) ® F(X) F(X) ® F(X°) ® F(X) 

id®F(ev«)/ id0 *-i r 



F(X)®F(X)®F(X°) Fpf)®T lu ^> F(X)®1^F(X) 



Using the commutativity of the following diagram (from property (4) in !2.5 
and the definition of the right dual structures, 

f- 1 F(coevi) _ _ 
1 F(X)®F((X)') 



/- 1 F(coevf ) * fb-^fb-^Cbb) 

1 T _J 

F(X°)®FpT) F(X°)<g>F(X) 
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so we get 



F(X) ^ I®F(X) f ~ 1F{C -^^ id F(Xo)^F(X) ^F(X) 



id g) /i><g> id „ N „ ^ ^ , „ T .- N fb <g> T" 



F(X) ® F(X°) ® F(X) 1U F(X) ® F(X°) ® F(X) 

id®F(ev«)/ id0Jr -i r 



F(X)®F(X)®F(X°) F(X)®T 1U ^> F(X)®1^F(X) 

From the axiom giving the behaviour of left and right identities under bar, 
this is 



F (X) 5^ FjX) F(X) ® 1 T F(*7 ) ^ ^ ® F(X) ® 



F(X)®F(X)®F(X°) ld ®^ 5)/ F(X)®T^4 1®F(X) ^ F(X) F(X) 
The functoriality of T gives 

fb' 1 ftt^ I — 7 — r -—id^f- 1 F(coev§) 



F(X) ^ F(X) F(X) ® 1 J ^ F(X) ® F(X°) ® F(X) 
( T ^) T F(X) ® F(X^) ®F(Xy^? id F(X) ® F(X^) F(X) T " ( ^ T_1) 

F(cvf)/®id— — — — — — — _ fb 



F(X)®F(X°)®F(X) ^4 1®F(X) ^F(X) ^F(X) 
and by more functoriality and cancelling, 

fb' 1 7 - id® f' 1 F(coev%) 



F(X) F(X) F(X) ® 1 — > F(X) ® F(X°) ® F(X) 
id^id - F(Xo) - Ffrgj/sid I¥ ^ y FT _ _^ 

By the definition of S* -1 , this is 



5^ FjX) FjX) *U F(X) . 

By the definition of T, this is the same as p> : F(X) — > F(X) where p = 

r- 1 (5- 1 (/i)). □ 

Theorem A. 5. // w;e define * by (allowing antilinear maps by drop- 

ping the bars), then: 

(1) (ab)*=b*a* 

(2) a** = a 

(3) A(h*) = A(h)*®* 

(4) S(h)* = S-^h*) 

I.e. this * makes H into a *-Hopf algebra. 

Proof. By the reconstruction, h,h' £ H are equal if and only if h\> and h'> 
are identical on all objects, so the previous propositions give these results 
(again, dropping the bars) 

(a) T(h h') = T{h) T(h') (see Ej} . 

(b) T 2 = id (see E2) • 

(c) T reverses order in the coproduct (see IA.3j) . 

(d) ST = T- 1 S- 1 (see 00}. 
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As S reverses order in the product, (a) shows that * reverses order in the 
product (1). 

As S reverses order in the coproduct, (c) shows that * preserves order in 
the coproduct (3). 

As (b) shows that T~ x = T, from (d) we get T S' 1 T S' 1 = id (2). 

This is sufficient to show that we have a *-Hopf algebra, and (4) follows 

automatically. □ 

We have described here reconstruction for the 'basic case' of *-Hopf al- 
gebra from its strong bar category of modules, which confirms that our 
definition of a bar category and functor is reasonable (otherwise the recon- 
struction would not have worked). Critical here was Definition 12.51 where we 
defined the properties of the functor we were to use. Using a weaker notion 
in which fb is not required to be monoidal would be expected to give a strong 
quasi-* Hopf algebra. Having this with a general bar category is expected 
to give a general quasi- *-Hopf algebra. Similarly if F is multiplicative but 
not monoidal (see p2]), then we would expect to be able to reconstruct a 
*-quasi Hopf algebra. 
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